In this paper, which is the natural continuation and generalization of [1, 2, 3] and [8], we extend the theory of Fesenko to infinite AP F -Galois extensions L over a local field K, with finite residue-class field κK of
Let K be a local field (that is, a complete discrete valuation field) with finite residue-class field κ K of q = p f elements. Assume that µ µ µ p (K sep ) ⊂ K. Fix a Lubin-Tate splitting ϕ over K (cf. [10] ). In [1, 2, 3] , Fesenko introduced a very general non-abelian local reciprocity map
defined for any totally-ramified infinite AP F -Galois extension L/K satisfying K ⊂ L ⊂ K ϕ , which generalizes the previous non-abelian local class field theories of Koch-de Shalit [10] and Gurevich [7] . In [8] , we have studied the basic functorial and ramification-theoretic properties of the reciprocity map of Fesenko.
In this paper, which is the natural continuation and generalization of [1, 2, 3] and [8] , we extend the theory of Fesenko to infinite AP F -Galois extensions L/K satisfying K ⊂ L ⊂ K ϕ d where the residue-class degree [κ L : κ K ] = d. More precisely, for such extensions L/K, we construct a 1-cocycle,
where L 0 = L ∩ K nr , and study its functorial and ramification-theoretic properties. Note that, the case d = 1 recovers the theory of Fesenko.
The organization of this paper is as follows. In the first section, we briefly review the necessary background material from Fontaine-Wintenberger theory of fields of norms. In the second section, we introduce the generalized Fesenko reciprocity map Φ Φ Φ (ϕ) L/K of an extension L/K, which is an infinite AP F -Galois
Preliminaries on Fontaine-Wintenberger field of norms
For a brief review of AP F -extensions and Fontaine-Wintenberger field of norms, we refer the reader to [8] , and for detailed proofs to [5, 6, 12] . Let L/K be an infinite Galois arithmetically profinite (in short AP F ) extension such that the residue-class degree [κ L : κ K ] = d and K ⊂ L ⊂ K ϕ d ; that is, in the terminology of Koch-de Shalit in [10] and Laubie in [11] , L is compatible with (T, ϕ), where T denotes the intersection field L ∩ K ϕ . Note that, T /K is in general not a normal extension! Denote by L [12] or by Lemma 3.3 of [8] , L/L 0 is an infinite totallyramified AP F -Galois extension satisfying L 0 ⊆ L ⊆ (L 0 ) ϕ ′ . Thus, Fesenko theory, developed in [1, 2, 3] and [8] , works for the extension L/L 0 .
Generalized Fesenko reciprocity map
The main references for this section are [1, 2, 3] and [8] .
Fix a Lubin-Tate splitting ϕ K = ϕ over K. The aim of this section is to generalize the reciprocity map Φ (ϕ) M/K of Fesenko, cf. [1, 2, 3] and [8] , defined for infinite totally-ramified AP F -Galois extensions M/K satisfying K ⊂ M ⊂ K ϕ to infinite AP F -Galois extensions L/K with residue-class degree [κ L : κ K ] = d and satisfying K ⊂ L ⊂ K ϕ d . We shall keep the notation introduced in [8] and introduced in the previous section in what follows.
Recall that, for the extension M/K as above, the diamond subgroup U . Now, as a first step, we shall generalize the arrow φ (ϕ)
M/K defined for the extensions M/K, where M/K is a totally-ramified AP F -Galois extension satisfying K ⊂ M ⊂ K ϕ , of Fesenko theory, which has been described in [1, 2, 3] and in detail in Section 5 of [8] , to infinite AP F -Galois extensions L of K with residue-class degree d and satisfying K 
is commutative. Now, for σ ∈ Gal(L/ inc.
is commutative. Now, for any σ ∈ Gal(L/F ), there exists 0 ≤ m, m Tate splitting over L 0 by Remark 1.1. Thus, define the map
where Π ϕ ′ ;L/L0 is the canonical prime element of the local field X(L/L 0 ), which is the canonical prime element Π ϕ;T /K of the local field X(T /K) by Lemma 1.2 and by Lemma 1.3. Thus, (2.5) can be reformulated by
, by Definition 2.1. Remark 2.3. We can reformulate the definition of the generalized arrow
There is a natural continuous action of Gal(L/K) on the topological group 
for every σ ∈ Gal(L/K), where σ | L0 = ϕ m for some 0 ≤ m ∈ Z, and for every
defined for the extension L/K is an injection, and for every σ, τ ∈ Gal(L/K),
Proof. The injectivity of the arrow given by eq. (2.3) and defined by eq. (2.4) is clear from the canonical topological isomorphism defined by (2.1) and (2.2) combined with abelian local class field theory and Theorem 5.6 of Fesenko in [8] . To be precise, let φ φ φ
, σ acts trivially on the prime elements of finite sub-extensions between L 0 and L. Thus, σ is the identity element of Gal(L/L 0 ). Now, for σ, τ ∈ Gal(L/K), with σ | L0 = ϕ m and τ | L0 = ϕ n for some 0 ≤ m, n ∈ Z, following the alternative definition of the generalized arrow φ φ φ
by Theorem 5.6 of Fesenko in [8] and by the definition of the action of
Now, we immediately have the following result. Recall that, for an infinite AP F -Galois extension L/K and for every −1 ≤ u ∈ R, the u
where the number −1 ≤ ϕ L/K (u) ∈ R is defined by eq. (3.1) in [8] and as usual the
defined by eq.s (2.1) and (2.2) in [8] . Now, let E/K be a Galois sub-extension of L/K. Then, for any chain of field extensions
is commutative. Thus, passing to the projective limits, there exists a continuous group homomorphism
12) which is essentially the restriction morphism from L to E. This morphism is a surjection, as the objects in the respective projective systems are compact and Hausdorff. Furthermore, the following square
is commutative for every pair u, u 
. Now, the injectivity of the morphism given by eq. (2.14) and defined by eq. (2.15) is clear from the commutative square eq. (2.13) and by the injectivity of the arrow given by eq. (2.1) and defined by eq. (2.2). Thus it suffices to prove that this morphism is a surjection, which follows from the triviality of Gal(
Now, L/L 0 is an AP F -Galois sub-extension of L/K by part (i) of Lemma 3.3 in [8] . Let ϕ L/L0 : R ≥−1 → R ≥−1 be the Hasse-Herbrand function corresponding to the AP F -extension L/L 0 defined by eq. (3.1) in [8] , which is piecewise-linear and continuous. So there exists a unique number
Thus, Lemma 2.6 can be reformulated as follows. The topological isomorphism defined by eq.s (2.1) and (2.2) induces a topological isomorphism
of the field X(L/K), and define the group
Now, Fesenko ramification theorem, stated as Theorem 5.8 in [8] , has the following generalization for the generalized arrow φ φ φ 
Proof. Now, we start with the following general observation.
. Then, by the definition of the generalized
where
Fesenko ramification theorem (cf. Theorem 5.8 in [8] ) that the second coordinate of φ φ φ
which completes the proof. Now, let M/K be an infinite Galois sub-extension of L/K. Thus, by Lemma 3.3 of [8] , M is an AP F -Galois extension over K. We further assume that, the residue-class degree [κ M :
be the corresponding generalized arrow defined for the extension M/K. Here,
is an ascending chain of field extensions satisfying the conditions
Furthermore, the commutative square
defined by eq.s (2.17) and (2.18) does not depend on the choice of the ascending chain
The basic properties of this group homomorphism are the following.
Proof. In fact, following the definition of the valuation ν
Proof. Note that, L 0 = K and M 0 = K. Now, the assertion follows by observing that Pr
Proof. The assertion follows by the definition eq. (2.18) of the homomorphism eq. (2.17) combined with the fact that
for every u Ei ∈ U Ei and for every 0 ≤ i ∈ Z by Remark 2.9.
, for
, (2.20)
Proof. Note that, L 0 = K. Now, the assertion follows by observing that
Thus, there exists a group homomorphism
, where U denotes, as before, 
satisfies the equation
. Thus, to prove the commutativity of the square, it suffices to prove that
. Now, without loss of generality, in view of Remark 2.8, fix a basic sequence (cf. [8] )
(iv) E 1 /E 0 is cyclic of degree relatively prime to p.
Thus, each extension E i /L 0 is finite and Galois for 0 ≤ i ∈ Z. Now, note that
, which yields the
So, we have the following theorem.
Theorem 2.11. For an infinite Galois sub
where the right-vertical arrow
is the natural inclusion defined via the existence theorem of local class field theory.
Proof. By the isomorphism defined by eq.s (2.1) and (2.
Thus, e
by Lemma 2.10. Note that, by the existence theorem of local class field theory,
by Remark 2.2 part (i), which completes the proof. Now, let F/K be a finite sub-extension of L/K. Thus, L/F is an infinite AP F -Galois extension (cf. Lemma 3.3 of [8] ). Fix a Lubin-Tate splitting ϕ F over F . Now, assume that the residue-class degree [κ L :
and there exists the chain of field extensions
Thus, there exists the generalized arrow
are infinite totally-ramified AP F -Galois extensions, by Lemma 3.3 of [8] , and satisfy
is compatible with (L
), in the sense of [10] pp. 89, where ϕ L
× . This homomorphism induces a group homomorphism
(for details cf. [8] 
is defined by eq.s (2.27 ) and (2.28) , is commutative.
Proof. Look at the proof of Theorem 5.12 of [8] .
30)
by the norm-compatibility of primes in the fixed Lubin-Tate labelling and by Lemma 2.13. Now, there exists 0 ≤ m
which completes the proof.
Let L/K be any AP F -Galois sub-extension of K ϕ d /K, where the residueclass degree is d. In case L/K is assumed to be a finite extension, the Kcoordinate of the generalized arrow φ φ φ
Iwasawa-Neukirch map ι L/K of the Galois extension L/K, cf. Section 1 of [8] ). More precisely, we have the following proposition. Proposition 2.15. Define a homomorphism
Proof. Let us briefly recall, following Section 1 of [8] , the construction of the Iwasawa-Neukirch map
(ii) σ * | K nr = ϕ n , for some 0 < n ∈ Z.
, where π Σ σ * denotes any prime element of Σ σ * . Thus, for a finite AP F -Galois extension
where π Σ σ * denotes any prime element of Σ σ * . Now, for σ ∈ Gal(L/K), there exists 0 ≤ m ∈ Z such that σ | L0 = ϕ m and
Case 1: m > 0. In this case, it suffices to prove that
where π Σ σ * denotes any prime element of Σ σ * . To prove this equality, 
Recall that (by Proposition 1.8 of Chapter IV of [4] or by 1.
. Clearly,
After this preliminary observations,
as π T belongs to the fixed Lubin-Tate labelling. Thus, the image of σ
which shows that
completing the proof.
Then by the previous Case 1,
. Now, by Theorem 2.4,
where the last equality follows from the fact that
L/K (σ), completing the proof.
Now, we shall generalize the definition of the extended Hazewinkel map H
In order to do so, we first have to assume that the local field K satisfies the condition
where p = char(κ K ). For details on the assumption (2.34) on K, we refer the reader to [1, 2, 3] . Let L/K be an infinite AP F -Galois extension with residue-class degree [κ L : , where
is the extended Hazewinkel map of Fesenko for the extension L/L 0 . For the definition and basic properties of the group Y L/L0 , we refer the reader to [3] and [8] .
The following lemma is clear.
Lemma 2.16. Suppose that the local field K satisfies the condition given in eq. (2.34). Let L/K be an infinite AP F -Galois sub-extension of
for the extension L/K is a bijection.
Proof. The proof follows from the isomorphism Gal
(cf. Lemma 5.22 of [8] ) and abelian local class field theory for the extension L 0 /K.
Now, consider the composition of arrows
. Recall that (cf. eq. 5.35 of [8] ), the compo-
by Lemma 5.23 of [8] . For 0 ≤ m ∈ Z and
by Lemma 5.23 of [8] . Thus, these computations yield
Note that, there is a natural continuous action of Gal(L/K) on the topological group
/Y L/L0 defined by abelian local class field theory on the first component and by eq. (5.7) and Lemma 5.20 of [8] on the second component as
So, we have the following theorem, which follows from Theorem 2.4, Lemma 2.16 and eq.s (2.39) and (2.40) combined with the fact that
Theorem 2.17. Suppose that the local field K satisfies the condition given in eq. (2.34) . Let L/K be an infinite AP F -Galois sub-extension of
defined for the extension L/K is a bijection with the inverse
co-cycle condition is satisfied.
By Corollary 2.5, Theorem 2.17 has the following consequence.
Corollary 2.18. Define a law of composition
. Then
is a topological group under * , and the map
where the topological group structure on
defined with respect to the binary operation * defined by eq. (2.43).
Definition 2.19. Let K be a local field satisfying the condition given in eq. 5.42 of [8] , let
. Now, ramification theorem, stated in Theorem 2.7, can be reformulated for the generalized reciprocity map Φ Φ Φ (ϕ) L/K corresponding to the extension L/K as follows.
Theorem 2.20 (Ramification theorem). Let K be a local field satisfying the condition given in eq. (2.34). For
0 ≤ u ∈ R, let Gal(L/K) u denote the u th higher
ramification subgroup in the lower numbering of the Galois group Gal(L/K) corresponding to the infinite AP F -Galois sub-extension
Proof. Following the general observation made in the first paragarph of the proof of Theorem 2.7, for 0 ≤ u ∈ R and for
follows from the ramification theorem (cf. Theorem 5.27 in [8] ) that the second coordinate of Φ Φ Φ
Let K be a local field satisfying the condition given in eq. (2.34). Let M/K be an infinite Galois sub-extension of L/K. Thus, by Lemma 3.3 of [8] , M is an AP F -Galois extension over K. We further assume that, the residue-class degree [κ M :
be the corresponding generalized Fesenko reciprocity map defined for the extension M/K. Here, M 0 is defined as usual by
for the extension L/L 0 . Now, following the notation of [3] and [8] , introduce for
, the map g
and the map f [3] and [8] . Now, fix the sequence
following the same lines of [3] and [8] . Now, for each 1 ≤ i ∈ Z, introduce the map
Thus, the map f
is well-defined. Moreover, for j > i,
That is, the following square
which is the desired equality. Now, we shall modify Lemma 5.28 of [8] and show that the norm map
× introduced by eq.s (2.17) and (2.18) satisfies the following lemma. 
) by the commutative square (2.46).
(ii) For y ∈ Y L/L0 , as y
by part (i). Now, note that
Therefore,
as desired. The proof is now complete.
Thus, by part (ii) of Lemma 2.21, the homomorphism
× induces a group homomorphism, which will again be called the Coleman norm map from L to M ,
and defined by
, where U denotes, as usual, the coset U. Proof. It suffices to prove that the square
is commutative, which is obvious. Then pasting this square with the square eq. (2.24) as
the commutativity of the square eq. (2.49) follows.
Thus, we have the following theorem, which is the finer version of Theorem 2.11.
Theorem 2.23. Let K be a local field satisfying the condition given in eq. (2.34). For an infinite Galois sub
defined by
Proof. By the isomorphism defined by eq.s (2.1) and (2.2), for σ ∈ Gal(L/K), there exists a unique 0
by Lemma 2.22. Note that, by the existence theorem of local class field theory,
by Remark 2.2 part (i), which completes the proof.
Let K be a local field satisfying the condition given in eq. (2.34). Now, let F/K be a finite sub-extension of L/K. Thus, L/F is an infinite AP F -Galois extension (cf. Lemma 3.3 of [8] ), where F satisfies (2.34). Fix a Lubin-Tate splitting ϕ F over F . Now, assume that the residue-class degree [κ L :
Thus, there exists the generalized Fesenko reciprocity map
. Following the notation of [3] and [8] , introduce for
following eq. (5.55) of [8] . Now, for 1 ≤ i ∈ Z, introduce the elements σ * i in Gal( L/ F ) that satisfies
as follows :
where i o is defined as in the paragarph of eq. (5.55) of [8] . It is then clear that, for each 1 ≤ i ∈ Z, the elements σ * i of Gal( L/ F ) satisfies
and for almost all i, σ * [3] and [8] . Define, for
following the same lines of [3] and [8] .
Now, for each 1
In fact, there exists u ∈ ker N EiL
(2.50) Now, for j > i, it follows that
, which is the desired equality. Now, we shall modify Lemma 5.30 of [8] and show that the homomorphism 
by the commutative square (2.51). , where U denotes, as usual, the coset U.Y L/L
be the corresponding generalized Fesenko reciprocity map defined for the exten-
The following lemma is the finer version of Lemma 2.13. 
54)
is defined by eq.s (2.52) and (2.53) , is commutative.
Proof. It suffices to prove that the square
is commutative, which is obvious. Then pasting this square with the square eq.
the commutativity of the square eq. (2.54) follows.
Thus, we have the following theorem, which is the finer version of Theorem 2.14. 
55)
, is commutative.
Proof. Let σ ∈ Gal(L/F ). There exists 0 ≤ m ∈ Z such that σ | L 
L/K (σ), which completes the proof. 
is commutative, where
is the Hazewinkel map of L/K.
